
Journal of Nuclear Materials 433 (2013) 132–142
Contents lists available at SciVerse ScienceDirect

Journal of Nuclear Materials

journal homepage: www.elsevier .com/locate / jnucmat
Impact of thermal conductivity models on the coupling of heat transport,
oxygen diffusion, and deformation in (U, Pu)O2�x nuclear fuel elements

Bogdan Mihaila a,⇑, Marius Stan b, Justin Crapps a, Di Yun b

a Materials Science and Technology Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA
b Nuclear Engineering Division, Argonne National Laboratory, Argonne, IL 60439, USA

a r t i c l e i n f o
Article history:
Received 27 July 2012
Accepted 7 September 2012
Available online 16 September 2012
0022-3115/$ - see front matter � 2012 Elsevier B.V. A
http://dx.doi.org/10.1016/j.jnucmat.2012.09.017

⇑ Corresponding author.
E-mail address: bmihaila@lanl.gov (B. Mihaila).
a b s t r a c t

We study the coupled thermal transport, oxygen diffusion, and thermal expansion in a generic nuclear
fuel rod consisting of a ðU1�yPuyÞO2�x fuel pellet separated by a helium gap from zircaloy cladding.
Steady-state and time-dependent finite-element simulations with a variety of initial- and boundary-
value conditions are used to study the effect of the Pu content, y, and deviation from stoichiometry, x,
on the temperature and deformation profiles in this fuel element. We find that the equilibrium radial
temperature and deformation profiles are most sensitive to x at small values of y. For larger values of
y, the effects of oxygen and Pu content are equally important. Following a change in the heat-generation
rate, the centerline temperature, the radial deformation of the fuel pellet, and the centerline deviation
from stoichiometry track each other closely in ðU; PuÞO2�x, as the characteristic time scales of the heat
transport and oxygen diffusion are similar. This result is different from the situation observed in the case
of UO2þx fuels.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

Homogeneous mixed oxide (U, Pu)O2�x fuels are used in existing
nuclear reactors as part of a strategy intended to address the issue
of large stockpiles of plutonium accumulated around the word
from dismantled nuclear weapons and reprocessing of nuclear
fuels [1]. This type of fuel is also of interest for the IVth generation
nuclear reactors, especially at high Pu concentrations, due to the
potential for decreasing the amount of minor actinides in high le-
vel radioactive waste and the improved proliferation resistance [2].
Although at low Pu content, the thermal, chemical, and mechanical
properties of MOX fuels are similar to the properties of UO2 fuels,
the thermal conductivity of the MOX fuel is slightly lower which
may lead to a slower rate of heat removal from the fuel pellet
and a higher center line fuel temperature. This aspect was exam-
ined using in-pile experimental results and fuel performance codes
for the case of pressurized water reactors (PWRs) [3].

Because fuel performance simulations often make assumptions
that are consistent with thermo-mechanical and chemical equilib-
rium, the thermodynamics of the U–Pu–O system is the subject of
computational studies aimed at verifying the self-consistency of
the calculations without significantly impeding computational
performance [4]. The thermodynamic properties and phase dia-
gram of the U–Pu–O system have been assessed using experimen-
tal and computational methods and the results stored in databases
ll rights reserved.
covering a wide range of composition and temperatures [5]. The
results show that the oxygen potential and equilibrium oxygen
content in U–Pu–O fuels is controlled by the change of oxidation
state of the cations (U and Pu) with temperature. The thermal con-
ductivity of U–Pu oxides was examined using experimental meth-
ods, such as laser flash for the oxide (U, Pu)O2�x and for solid
solutions that involve minor actinides, such as (U, Pu, Np)O2 and
(U, Pu, Am)O2 solid solutions. It was determined that the effect
of the Np content is much smaller that the effect of the Am content
[6,7]. The thermal conductivity of the mixed oxides is sensitive to
the Pu content but is much more dependent on the oxygen content.
Laser flash studies of the influence of the oxygen potential on the
thermal conductivity of the mixed (U, Pu)O2�x demonstrate that
the most critical factors are the temperature and the oxygen con-
tent [8].

Understanding the main mechanisms of radiation damage and
predicting the evolution of fuel properties in the reactor are major
challenges of fuel performance codes [9,10]. In addition to the
complex chemistry and evolving microstructure of the materials
(ceramic fuel pellet or metallic fuel rod, and metallic cladding),
several phenomena compete in determining the performance of
the fuel element. Among them, heat transport, chemical transport
of oxygen and fission products, and pellet and clad thermal expan-
sion play critical roles. Recent studies demonstrate that these phe-
nomena are closely coupled and that including the coupling in
computer simulations provides insight into the characteristic re-
sponse of the fuel element to rapid changes in the operating condi-
tions that cannot be acquired via qualitative estimations [9,10]. For
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Fig. 1. Geometry of the fuel element.
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example, in UO2þx fuels, due to widely varying Lewis numbers, the
temperature and deformation of the fuel rapidly respond to power
excursions (minutes and hours) while the oxygen content (e.g.
non-stoichiometry, x) reaches steady state values after days or
even weeks [11,12]. Moreover, fuel and clad materials properties
such as density, specific heat, and thermal conductivity change
with temperature and composition, especially oxygen content.
Coupled simulations of heat transport, oxygen diffusion and defor-
mation of UO2þx fuel elements with metallic cladding show that
accounting for oxygen content in the thermal conductivity model,
kðT; xÞ, leads to predictions of centerline temperature values that
are substantially different (100–200 K) from the predictions per-
formed using composition-independent models, kðTÞ [11,12]. It is
therefore important to use material property models that include
both temperature and chemical composition, especially oxygen
content (non-stoichiometry, x).

Choosing a good model for the thermal conductivity of the
oxide fuel is very important. We have recently studied the impact
of the thermal conductivity model on the coupled thermal trans-
port, oxygen diffusion, and thermal expansion of a generic nuclear
fuel element consisting of a UO2þx fuel pellet and stainless steel
cladding separated by a helium gap [13]. The thermo-mechanical
response of the fuel element was evaluated using a series of stea-
dy-state and time-dependent finite-element simulations with a
variety of initial- and boundary-value conditions. The results show
that models that simulations that include the deviation from stoi-
chiometry, x, in the thermal conductivity model lead to more accu-
rate predictions of the centerline temperature and the radial
deformation of the fuel pellet.

In this work we expand upon our previous studies [11–13] and
investigate the impact of thermal conductivity models on the cou-
pled thermal transport, oxygen diffusion, and thermal expansion
simulation in (U, Pu)O2�x fuel element with metallic cladding.
The goal of the study remains the understanding of the sensitivity
of the fuel performance simulations to various parameters, in par-
ticular to quality of the material models, and the coupling between
different physics. To that end, we maintain the ‘‘generic’’ fuel-
element geometry boundary conditions used in previous studies.
However, to increase the relevance of the results to MOX fuel
elements employed in PWR reactors, we use zircaloy cladding.

2. Multi-physics model

We consider a schematic model representation of a MOX fuel
element, consisting of a fuel pellet separated by a helium gap from
a zircaloy cladding (see Fig. 1). We chose a cylindrical fuel rod of
radius Rfuel ¼ 4:3 mm, a 0.03 mm width helium gap, and a cladding
thickness of 0.5 mm.

The geometry of the fuel element is shown in Fig. 1. In this
geometry we solve the coupled heat transport, oxygen diffusion
and thermal expansion problem corresponding to a uniformly dis-
tributed source term, Q. The heat transport equation is given by

qCP
@T
@t
¼ r � ðk � rTÞ þ Q ; ð2:1Þ

where q;CP and k are the density, specific heat at constant pressure
and thermal conductivity, respectively. Because the MOX nuclear
fuel is non-stoichiometric, all material properties of the fuel are
dependent on both the temperature, T, and the deviation from stoi-
chiometry, x,

x ¼ jO=M � 2j; ð2:2Þ

where O=M denotes the oxygen-to-metal ratio.
To model the oxygen transport in MOX fuel elements, we as-

sume without loss of generality, that hyper-stoichiometric (hypo-
stoichiometric) systems are pseudo-binary systems described as
dilute solutions of oxygen interstitials (vacancies) in the oxygen
sublattice [14]. For hypo-stoichiometric fuel elements, we consider
the continuity equation,

n
@c
@t
¼ r � J; ð2:3Þ

where c denotes the atomic fraction of vacancies, J is the flux of oxy-
gen vacancies, and n is the total number of regular oxygen sites per
unit volume. Based on thermodynamic considerations [15], the flux
of oxygen vacancies can be written as

J ¼ �nD rc þ cð1� cÞ
F

Q �

RT2rT
� �

; ð2:4Þ

where D is the chemical diffusion coefficient, Q � is the heat of trans-
port, F is the thermodynamic factor, and R is the ideal gas constant.
In Eq. (2.4), the gradient of non-stoichiometry is associated with the
conventional Fickian diffusion contribution, whereas the term
involving a gradient in temperature represents the thermal segrega-
tion or the Soret effect [16]. In the dilute limit, x! 0, the thermo-
dynamic factor has the limit F ! 1.

For hypo-stoichiometric oxides, MO2�x, the atomic fraction of
vacancies, c, is related to the deviation from stoichiometry, x, as

x ¼ 2c: ð2:5Þ

Therefore, for MO2�x, Eqs. (2.3) and (2.4) can be written only in
terms of the deviation from stoichiometry, x, as

n
@x
@t
¼ r � J; ð2:6Þ

with

J ¼ �nD rxþ
xð1þ 1

2 xÞ
F

Q �

RT2rT
� �

: ð2:7Þ

In the limit of very small deviations from stoichiometry, x� 1,
Eq. (2.7) becomes

J ¼ �nD rxþ x
F

Q �

RT2rT
� �

: ð2:8Þ

This is the same as the interstitial flux in hyper-stoichiometric
metal oxides, MO2þx.

The distributions of temperature and compositions are used to
calculate the mechanical deformation of the pellet and cladding.
In this model, the pellet and cladding are considered as uniform,
pure elastic materials, characterized by the Young’s modulus, E,
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Poisson ratio, m, thermal expansion coefficient, a, and density, q.
The model accounts for the temperature and composition depen-
dence of the mechanical properties. The fuel pellet and zircaloy
cladding are allowed to expand freely.

The total strain tensor, e, is written in terms of the gradient of
the displacement, u, as

e ¼ 1
2
ru þ ruT
� �

: ð2:9Þ

The relationship between the stress tensor, r, the strain tensor,
e, and temperature, T, is given by the Duhamel-Hooke’s law, as

r ¼ r0 þ C � e� e0 � a T � Trefð Þ½ �; ð2:10Þ

where C is the elasticity tensor, r0 and e0 are the initial stresses and
strains, and Tref is the reference temperature. The elasticity tensor,
C, is given in terms of the Young’s modulus, E, the Poisson ratio, m,
and the thermal expansion coefficient, a, as described for instance
in Ref. [17].

The coupled system of Eqs. 2.1, 2.3, 2.8, 2.9 and 2.10 is solved
self-consistently using a fully-coupled direct solver in Comsol Mul-
tiphysics. The calculations provide the evolution of the spatial dis-
tributions of temperature, T, deviation from stoichiometry, x, and
deformation in the fuel element.

3. Material properties

Properties of the materials in the fuel element were obtained
from previously published correlations and are summarized in Ta-
bles 1 and 2, for helium and the cladding material, respectively,
and in Tables 3 and 4 for UO2 and (U, Pu)O2, respectively. Because
this study is general in nature, in this paper we use generic zircaloy
cladding material properties [19].

The thermal conductivity of the oxide fuel is given usually as
the sum of a lattice phonon contribution and a polaron ambipolar
term, with the generic form

kðT; xÞ ¼ 1
AðxÞ þ CðxÞt þ

B
tc expð�F=tÞ; ð3:1Þ

where t ¼ TðKÞ=1000, and AðxÞ; CðxÞ; B; F, and c are parameters
obtained by fitting experimental thermal conductivity data. The
dependence on the deviation from stoichiometry x is relevant only
in the lattice part of the thermal conductivity [27]. The ambipolar
term is designed to fit the high temperature data and shows no
dependence on x [28]. Fig. 2 shows the temperature dependence
of the thermal conductivity. The change in the thermal conductivity
due to porosity is calculated by multiplying the conductivity of the
solid by the Maxwell-Eucken function

fjðpÞ ¼
1� p

1þ ðj� 1Þp : ð3:2Þ

Here, p is the fractional porosity, with p < 0:2, and j is a poros-
ity shape factor. The material property database MATPRO recom-
mends a value of the porosity shape factor of j ¼ 1:5 (spherical
Table 1
Summary of the properties of the helium filling the gap between the fuel pellet and
the cladding (see Fig. 1). Here, q;CP and k denote the density, heat capacity and
thermal conductivity, respectively.

Property
(material)

Functional form of the property on
temperature, T

Units Source

q [He] 0:0818—8:275� 10�15 ðT � 600Þ kg/m3 [18]

CP [He] 5190 J/
(kg K)

[18]

k [He] 0:04679þ 3:81� 10�4 T � 6:786� 10�8 T2 W/
(m K)

[18]
pores), whereas the commonly used value is j ¼ 3 [20]. The simu-
lations discussed in this paper assume a 96.5% dense fuel pellet and
we did not take into account the changes in the fuel density due to
irradiation effects discussed for instance in Ref. [27].

The thermal conductivity models used in this paper are summa-
rized in Table 5 and the temperature dependence of these models
is illustrated in Fig. 2. In Fig. 2a, we compare the various thermal
conductivity models for stoichiometric (U, Pu)O2. We note that
the models proposed by Carbajo et al. (C01) [25] and Duriez
et al. (D00) [30] differ only in the high-temperature choice for
the ambipolar term and are applicable for less than 15% Pu content.
The P92 model proposed by Philipponeau [31] is applicable for 20%
Pu content. The variability of the (U, Pu)O2 thermal conductivity as
a function of the Pu content, y, is illustrated in Fig. 2b using the A11
model proposed by Amaya and collaborators [29]. We note that the
thermal conductivity values reported by Amaya et al. are generally
higher at low temperatures than those reported by other models
used in this paper. However, the A11 model is the only model
available that continuously varies the Pu content from 0 to 30%. Fi-
nally, in Fig. 2c we emphasize the stoichiometry dependence of the
thermal conductivity models for ðU;PuÞO2�x. We depict here the
changes in the temperature dependence of the thermal conductiv-
ity as a function of the deviation from stoichiometry, x, as inferred
from the C01 and P92 models. In the temperature range T < 1500 K
relevant for our simulations, the models C01, D00 and P92 produce
similar results. The MATPRO (II) model is independent of the Pu
content, y, and the deviation from stoichiometry, x.

In our simulations, the heat capacity of ðU1�yPuyÞO2 is calcu-
lated using the Kropp-Neumann rule that assumes UO2 � PuO2

solution mixture. We have

CP ½ðU1�yPuyÞO2� ¼ ð1� yÞCP ½UO2� þ yCP½PuO2�: ð3:3Þ

Similarly, for hypo-stoichiometric mixed-oxides systems, we
have

CP ½ðU1�yPuyÞO2�x� ¼ ð1þ xÞCP ½ðU1�yPuyÞO2� �
x
2

CP½O2�: ð3:4Þ

In the following, we will use the heat capacity correlations rec-
ommended by Fink for UO2 and PuO2 [20,32], with the parameters
given in Table 6. In Fig. 3a we illustrate the temperature depen-
dence of these correlations, together with the corresponding MAT-
PRO recommendations. In Fig. 3b we illustrate the variability of the
(U, Pu)O2 heat capacity temperature dependence as a function of
the Pu content, y, calculated with Eq. (3.3) using the UO2 and
PuO2 correlations recommended by Fink [20,32].

The density and thermal expansion coefficients used here fol-
low the recommendations of Carbajo et al. who argue that
UO2;PuO2, and ðU1�yPuyÞO2 exhibit similar thermal expansion
behavior. Therefore, we use the equations developed by Martin
[21] (see Tables 3 and 4), which also includes a weak dependence
on x, the deviation from stoichiometry, in the case of hypo-stoichi-
ometric (U, Pu)O2. The room-temperature density is given by

q½273K� ¼ 10;970þ 490y; ðkg=m3Þ; ð3:5Þ

with limiting cases the densities of uranium and plutonium oxides,
10,970 and 11,460 kg/m3, respectively.

For the oxygen diffusion in UO2 we chose the chemical diffusion
coefficient recommended by Meachen [24], whereas for ðU1�y

PuyÞO2 we use the correlation reported by Kato et al. [26]. The tem-
perature dependence of these chemical diffusion coefficients is de-
picted in Fig. 4. We note that the Pu presence in the MOX fuel
results in a significant increase in the oxygen mobility in the lattice.
To complete the oxygen diffusion model in ðU;PuÞO2�x, we choose
the heat of transport model given by Sari and Schumacher [14]
and modified by Lassmann [23] that corresponds to a thermody-
namic factor, F ¼ 1. For consistency, the Soret diffusion parameters



Table 2
Summary of the zircaloy cladding material properties. In addition to the notations introduced in Table 1, we use aT ; E and m to denote the thermal expansion coefficient, the
Young’s elasticity module and Poisson ratio, respectively. At cladding temperatures relevant to the calculations discussed in this paper, the zircaloy is in the a phase, i.e.
Tclad < 1083 K.

Property (material) Functional form of the property on temperature, T Units Source

q [a zircaloy] 6595:2� 0:1477T kg/m3 [19]
CP [a zircaloy] 255:66þ 0:1024T J/(kg K) [19]
k [a zircaloy] 11:498þ 4:6765� 10�3 T þ 2:761� 10�6 T2 þ 2:2147� 10�9 T3 W/(m K) [19]

aT [a zircaloy] 7:092� 10�6; radial
9:999� 10�6; angular
5:458� 10�6; axial

8<
:

m/(m K) [19]

E [a zircaloy] 108:8� 109 � 5:475� 107 T Pa [19]

m [a zircaloy] 0.3 [19]

Table 3
Summary of UO2þx material properties. In addition to the notations introduced in Tables 1 and 2, we introduce QI; F and D to denote the heat of transport, thermodynamic and
chemical diffusion coefficient of oxygen in UO2.

Property (material) Functional form of the property on temperature, T, and non-stoichiometry, x Units Source

q ½UO2� 10;970 ðaþ bT þ c T2 þ dT3Þ�3, with kg/m3 [20,21]

a ¼ 0:99734; b ¼ 9:802� 10�6;
c ¼ �2:705� 10�10; d ¼ 4:391� 10�13

�
; for T 6 923 K,

a ¼ 0:99672; b ¼ 1:179� 10�5;
c ¼ �2:429� 10�9; d ¼ 1:219� 10�12

�
; for T > 923K.

aT ½UO2� aþ bT þ c T2 þ dT3, with m/(m K) [20,21]

a ¼ 9:828� 10�6; b ¼ �6:390� 10�10;
c ¼ 1:33� 10�12; d ¼ �1:757� 10�17

�
; for T 6 923 K,

a ¼ 1:1833� 10�5; b ¼ �5:013� 10�9;
c ¼ 3:756� 10�12; d ¼ �6:125� 10�17

�
; for T > 923 K.

E ½UO2þx� 2:334� 1011 ð1� 1:095� 10�4 TÞ expð�1:34xÞ Pa [22]

m ½UO2� 0.316 [22]

QI ½UO2þx � �1:02� 105 expð�34xÞ J/mol [23,14]

F ½UO2� 1 [23,14]
D ½UO2� 10�3:6�7:12�103=T m2/s [24]

Table 4
Summary of ðU1�yPuyÞO2�x material properties. Notations follow the same conventions as before.

Property (material) Functional form of the property on temperature, T, and non-stoichiometry, x Units Source

q ½ðU1�yPuyÞO2� ð10;970þ 490yÞ ðaþ b T þ c T2 þ dT3Þ�3, with kg/m3 [25,21]

a ¼ 0:99734; b ¼ 9:802� 10�6;
c ¼ �2:705� 10�10; d ¼ 4:391� 10�13

�
; for T 6 923 K,

a ¼ 0:99672; b ¼ 1:179� 10�5;
c ¼ �2:429� 10�9; d ¼ 1:219� 10�12

�
; for T > 923 K.

aT ½ðU; PuÞO2�x � ðaþ b T þ c T2 þ dT3Þð1� 3:98xÞ, with m/(m K) [25,21]

a ¼ 9:828� 10�6; b ¼ �6:390� 10�10;
c ¼ 1:33� 10�12; d ¼ �1:757� 10�17

�
; for T 6 923 K,

a ¼ 1:1833� 10�5; b ¼ �5:013� 10�9;
c ¼ 3:756� 10�12; d ¼ �6:125� 10�17

�
; for T > 923 K.

E ½ðU1�yPuyÞO2�x � 2:334� 1011 ð1� 1:095� 10�4 TÞ ð1þ 0:15yÞ expð�1:75xÞ Pa [22]

m [(U, Pu)O2] 0.276 [22]

QI ½ðU1�yPuyÞO2�x � �2:162� 105 expð�9:7x=yÞ, with x 6 2y J/mol [23,14]

F [(U, Pu)O2] 1 [23,14]
D [(U, Pu)O2] 10�3:52�3:13�103=T m2/s [26]
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in the UO2 simulations presented here are consistent with the hy-
per-stoichiometric heat of transport data of Sari and Schumacher
[14] and the thermodynamic factor, F ¼ 1. The heat of transport
for ðU1�yPuyÞO2�x is given in terms of the ratio x=y and has the
generic form

Q �ðx; yÞ ¼ Q �0 exp �b
x
y

� �
: ð3:6Þ

The values of Q �0 and b are given in Table 4, and the ratio x=y is
related to the effective Pu valency, VPu, in ðU1�yPuyÞO2�x by

VPu ¼ 4 � 2
x
y
: ð3:7Þ
The data reported by Sari and Schumacher [14] cover the range,
3:2 < VPu 6 4. Therefore, the Pu content, y, and the deviation from
stoichiometry, x, in Eq. (3.6) are not independent from each other,
but must satisfy the condition

x < 0:4 y: ð3:8Þ

In order to understand the interplay between the heat transport
and the oxygen diffusion in the oxide fuel, it is useful to calculate
the Lewis number for ðU1�yPuyÞO2�x and compare with the Lewis
number for UO2þx. This comparison is illustrated in Fig. 5. The Le-
wis number, Le, is given by the ratio of the thermal diffusivity,

ath ¼
k

qCP
; ð3:9Þ
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Fig. 2. Temperature dependence of the ðU; PuÞO2�x thermal conductivity models
considered in this paper. (a) Comparison of thermal conductivity models of
stoichiometric (U, Pu)O2. (b) Variability of the (U, Pu)O2 thermal conductivity as a
function of the Pu content, y, as inferred from the A11 model. (c) Stoichiometry
dependence of the thermal conductivity models for ðU;PuÞO2�x , based on the C01
and P92 models. We note that in the temperature range T < 1500 K relevant for our
simulations, where the models C01, D00 and MATPRO (I) are similar.
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and the chemical diffusivity of the oxygen, D. We have

Le ¼ ath =D: ð3:10Þ

The characteristic length scale in our problem is the radius of fuel
pellet, Rfuel. Then, the characteristic time scale for heat diffusion is
R2

fuel=ath, whereas the characteristic time scale for oxygen diffusion
is R2

fuel=D. Hence, the Lewis number is given by the ratio of the time
required by the x spatial distribution to reach a steady state to the
time required for by the T field to reach a steady state. The Lewis
numbers for ðU1�yPuyÞO2�x and UO2þx depicted in Fig. 5 where com-
puted using the C01 model for the ðU; PuÞO2�x thermal conductivity
and the UO2þx thermal conductivity proposed by Amaya and collab-
orators [34], respectively. We find that the Lewis number for
ðU;PuÞO2�x is about four orders of magnitude smaller than the
Lewis for UO2þx. Therefore, we expect that the equilibration of the
stoichiometry distribution in ðU;PuÞO2�x occurs much faster than
the equilibration of the stoichiometry distribution in UO2þx. For
most of the stoichiometry-temperature phase space, the Lewis
number in ðU1�yPuyÞO2�x is greater than 1, and therefore the oxygen
diffusion lags behind the heat transport in ðU;PuÞO2�x. This result is
insensitive to the Pu content and plays an important role in the
transient behavior of the fuel under sudden changes in the operat-
ing conditions.
4. Results and discussion

Solutions of the coupled multi-physics problem in the fuel, gap
and cladding are obtained by solving the heat transport Eq. (2.1)
for the temperature, T, profile in the fuel, helium gap and zircaloy
cladding, together with the oxygen diffusion characterized by the
deviation from stoichiometry, x, given by Eqs. 2.6, 2.7, and 2.8,
within the fuel. The fuel pellet and cladding are allowed to expand
freely in the radial direction at the expense of the gap. A moving
mesh application in the Lagrangian–Eulerian formulation is ap-
plied in the model to account for the changing gap size with ther-
mal expansion of the fuel and the clad. The heat transport in the
gap assumes that the helium in the gap is in perfect contact with
both the fuel pellet and the cladding.

We perform simulations using the commercial finite-element
code COMSOL Multiphysics. We calculate the heat transport using
the heat-transport by conduction component of the Heat Transfer
Module in COMSOL. The thermal deformation was calculated using
the plane strain component of the Structural Mechanics Module in
static or transient regime, as appropriate. Symmetric boundary
conditions for solid mechanics, T, and x were applied along the
straight edges of the fuel element. The numerical solutions of the
coupled multi-physics problem were obtained using the linear sol-
ver in the default non-symmetric multi-frontal formulation (UMF-
PACK) in COMSOL. The finite-elements mesh uses quadratic
Lagrange elements and we verified that numerical results con-
verged with respect to the mesh-size distribution.
4.1. Steady-state simulations

In the case of steady-state simulations, the left-hand sides of
Eqs. (2.1) and (2.3) are equal to zero. Hence, the flux of oxygen
atoms vanishes ðJ ¼ 0Þ everywhere in the fuel pellet and the stea-
dy-state solution is independent of the oxygen diffusivity.

Because Q � in Eq. (3.6) is a function of both x and y, the Soret
effect in (U, Pu)O2 fuels is dependent on both x and y. So, the devi-
ation from stoichiometry profile will change for different Pu con-
tents in the fuel pellet, even though the Dirichlet boundary
condition at the outer surface of the pellet does not change. This
situation is illustrated in Fig. 6. The temperature decreases with
increasing radius and the temperature values in the fuel pellet
are much larger in magnitude than the temperatures observed in
the cladding. Correspondingly, the thermal expansion is much lar-
ger in the pellet compared to the cladding. As such, in the following
we will focus on the thermo-mechanical response in the fuel pellet.
Profiles of temperature, radial displacement and deviations from
stoichiometry will be depicted as a function the reduced radial po-
sition, r=Rfuel.

In Figs. 7 and 8, we show results of steady-state simulations
performed using the (U, Pu)O2 thermal conductivity models sum-
marized in Table 5 and two values of the heat-generation rate,
Q ¼ 2� 107 W/m3 and Q ¼ 2� 108 W/m3, respectively. All simula-
tions correspond to a fixed temperature value, Tb ¼ 750 K, at the
outer surface of the cladding, and different fixed values of the devi-
ations from stoichiometry at the surface of the pellet, xb.



Table 5
Summary of thermal conductivity material models. Here we use the notation t ¼ T=1000, with T measured in K.

Model (material) Porosity Functional form of the thermal conductivity Units Source

A11 ½ðU1�yPuyÞO2� 0.035 k0ðtÞ tan�1½hðt; yÞ�=hðt; yÞ þ 0:0595 t3, with W/(m K) [29]

k0ðtÞ ¼ 0:0308þ 0:2294 t½ ��1, W/(m K)

hðt; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DPu yk0ðtÞ

p
,

DPu ¼ 0:209 expð1:09 tÞ. m K/W
C01 ½ðU1�yPuyÞO2�x � 0.050 ½AðxÞ þ CðxÞt��1 þ 6400 t�5=2 expð�16:35=tÞ, with W/(m K) [25]

AðxÞ ¼ 0:035þ 2:85x, m K/W
CðxÞ ¼ 0:286� 0:715x. m/W

½AðxÞ þ CðxÞt��1 þ 1689 t�2 expð�13:52=tÞ, with W/(m K) [30]

AðxÞ ¼ 0:035þ 2:85x, m K/W
CðxÞ ¼ 0:286� 0:715x. m/W

P92 ½ðU1�yPuyÞO2�x� 0.050 ½AðxÞ þ CðxÞt��1 þ 0:07638 t3, with W/(m K) [31]

AðxÞ ¼ 1:528
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ 0:00931
p

� 0:1055, m K/W
CðxÞ ¼ 0:2885. m/W

MATPRO (I) [ðU1�yPuyÞO2�x] 0.050 ½AðxÞ þ CðxÞt��1 þ 1500 t�2 expð�13:52=tÞ, with W/(m K) [22]

AðxÞ ¼ 0:035þ 2:85x, m K/W
CðxÞ ¼ 0:286� 0:715x. m/W

MATPRO (II) [ðU1�yPuyÞO2] 0.050 ½Aþ C sm��1 þ 0:0132 expð1:88sÞ, with W/(m K) [22]

A ¼ 0:124783, m K/W
C ¼ 0:269022, m/W
and s ¼ T � 273:15; sm ¼minðs;1650Þ. K

Table 6
Summary of heat capacity material models.

Property (material) Functional form of the property on temperature, T, and non-stoichiometry, x Units Source

CP [O2] b0 þ b1T � b�2T�2, with J/(mol K) [33]

b0 ¼ 195:96; J/(mol K)

b1 ¼ 28:98� 10�3, J/(mol K2)

b�2 ¼ 2:018� 106, J K/mol

CP [UO2] C1 h=Tð Þ2 expðh=TÞ
½expðh=TÞ�1�2

þ 2C2 T þ C3ðEa=T2Þ expð�Ea=TÞ, with J/(mol K) [20,32]

C1 ¼ 81:613, J/(mol K)

C2 ¼ 2:285� 10�3, J/(mol K2)

C3 ¼ 2:36� 107, J/mol

h ¼ 548:68; Ea ¼ 18531:7 K
CP ½PuO2� C1ðh=TÞ2 expðh=TÞ

½expðh=TÞ�1�2
þ 2C2 T; with J/(mol K) [25,32]

C1 ¼ 87:394, J/(mol K)

C2 ¼ 3:978� 10�3; J/(mol K2)

h ¼ 587:41 K
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The left hand-side panels in Figs. 7 and 8 illustrate the sensitiv-
ity of the steady-state results for ðU1�yPuyÞO2 with respect to the
Pu content of the fuel pellet, y, as predicted by the A11 thermal
conductivity model that includes an explicit dependence on y.
The results corresponding to the C01 thermal conductivity model
are included for comparison purposes, with the C01 model being
independent of y. We find that the variability in the temperature
and the deformation profiles due to the differences between the
A11 and C01 models are slightly larger than the variability of these
results with respect to the Pu content, y, in the A11 model. For a
change in Pu content between 0% and 20%, the A11 model predicts
changes of 2.7 K and 34 K in the centerline temperature, corre-
sponding to a heat-generation rate values Q ¼ 2� 107 W/m3 and
Q ¼ 2� 108 W/m3, respectively. For the same values of the heat-
generation rates, Q, we find differences of 3.4 K and 64 K between
the C01 and A11 model predictions.

In the right-sides panels of Figs. 7 and 8, we illustrate the sen-
sitivity of the steady-state results in ðU;PuÞO2�x fuel elements with
respect to the deviation from stoichiometry, x. Here we compare
results corresponding to the C01 and D92 thermal conductivity
models for y ¼ 0:1 and y ¼ 0:2, respectively. We recall that the
model for the heat of transport Q �ðx; yÞ requires that the deviation
from stoichiometry obeys the constraint given in Eq. (3.8). There-
fore, the C01 and D92 are applied to different sets of values of
the xb boundary condition for the oxygen diffusion equation.
We find large changes in the temperature and the deformation
profiles corresponding to changes in xb. Based on the D92 thermal
conductivity model (appropriate for a 20% Pu content), in the non-
stoichiometry interval 0.01–0.1, we find changes of 23 K and 140 K
in the centerline temperature corresponding to the heat-genera-
tion rates, Q ¼ 2� 107 W/m3 and Q ¼ 2� 108 W/m3, respectively.
By comparison, the predictions of the C01 ðy ¼ 0:1Þ and D92
ðy ¼ 0:2Þ models for xb ¼ 0:01 indicate changes of 6 K and 138 K
in the centerline temperatures corresponding to the Q values con-
sidered in Figs. 7 and 8. Therefore, the results are more sensitive to
x at small values of y. For larger values of y, the effects due to the
deviation from stoichiometry and the Pu content are equally
important.

4.2. Time-dependent simulations

In the spirit of our previous studies of thermo-mechanical sim-
ulations coupled with oxygen diffusion in oxide fuels [11–13], we
consider three types of transient simulations. In the first two sce-
narios, the transient is driven by a rapid change (within 10 min)
in the heat-generation rate, Q, according to the equation

QðtÞ ¼ Q 0 þ
Q max � Q0

1þ 10 exp½�ð�10þ t=sÞ� ; ð3:11Þ
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where Q0 and Qmax are the initial and final values of the Q, respec-
tively, and s ¼ 45 s is a time constant. In a third scenario, the tran-
sient follows a change in the value of boundary condition for the
non-stoichiometry at the outer surface of the fuel pellet, xb, accord-
ing to the equation

xbðtÞ ¼ xb;0 þ
xb;max � xb;0

1þ 100 exp½�ð�5þ t=sÞ� ; ð3:12Þ

where xb;0 and xb;max are the initial and final values of xb, respec-
tively. These scenarios are only intended to evaluate the sensitivity
of the dynamical response of fuel element to the material models
used in our simulations.
In Figs. 9 and 10 we depict the results corresponding to a start-
up reactor scenario. In this case, the heat-generation rate varies
from a zero initial value Q0 ¼ 0 to a final value
Qmax ¼ 2� 108 W=m3, according to Eq. (3.11). Similarly, in Figs. 11
and 12 we show results corresponding to a time-dependent heat-
generation scenario with the heat-generation rate varying from
an initial value Q0 ¼ 2� 107 W=m3 to a final value
Qmax ¼ 2� 108 W=m3, according to Eq. (3.11). In both cases, the
temperature at the outer surface of the cladding is fixed to the ini-
tial temperature, Tb ¼ 750 K. We consider two non-stoichiometry
Dirichlet boundary conditions, xb ¼ 0:01 and xb ¼ 0:05, respec-
tively. The heat-generation scenarios depicted in Figs. 11 and 12
correspond to having the state of the fuel element transition be-
tween the xb ¼ 0:01 and xb ¼ 0:05 steady-state profiles, corre-
sponding to heat-generation rates, Q ¼ 2� 107 W/m3 and
Q ¼ 2� 108 W=m3, shown in Figs. 7 and 8, respectively. Hence,
for the time-dependent heat-generation rate scenario, the initial
condition is set by solving the steady-state problem for fuel pellet
with xb ¼ 0:01 and xb ¼ 0:05, respectively, and the initial heat-gen-
eration rate, Q 0 ¼ 2� 107 W=m3.

As discussed earlier, the relative characteristic time scale of
oxygen diffusion and heat transport is characterized by the Lewis
number. For ðU;PuÞO2�x fuels the Lewis number has values lower
by several orders of magnitude compared to UO2þx fuels. Therefore,
even though the equilibration of the deviation from stoichiometry
remains slower than the equilibration of the temperature profile,
Le > 1, the equilibration of the x profile occurs much faster in
ðU;PuÞO2�x than UO2þx fuels. As a consequence, in the
ðU1�yPuyÞO2�x simulations illustrated in Figs. 9–12 we do not ob-
serve the second transient response observed in similar simula-
tions of UO2þx fuels [11–13]. In UO2þx, the equilibration of the
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centerline deviation from stoichiometry, x0, lags behind the evolu-
tion of the centerline temperature for kðT; xÞmodels as the charac-
teristic time associated with oxygen diffusion is much larger than
the heat transport characteristic time, and the second transient in
the centerline temperature and the total displacement at the outer
edge of the fuel pellet coincides with the centerline non-stoichiom-
etry value reaching its equilibrium. This situation is reflected in
part in Figs. 9–12 by the baseline A11 model simulations for
y ¼ 0, for which we note the delayed equilibration of the centerline
deviation from stoichiometry relative to the equilibration of the
centerline temperature. However, no secondary transient is found
in the A11(y = 0) simulations, because this thermal conductivity
model is x independent and there is no coupling between heat
transport and oxygen diffusion in this case. Therefore, for
ðU1�yPuyÞO2�x fuels, the time evolution of the centerline tempera-
ture, T0, the radial total displacement at the surface of the pellet,
dðRfuelÞ, and the centerline deviation from stoichiometry, x0, closely
track each other in response to a change in the heat-generation
rate. It is noteworthy that the spread in the final state between
the predictions of the various models considered here is 236 K
and 305 K, corresponding to the two fixed boundary-condition val-
ues, xb ¼ 0:01 and xb ¼ 0:05, respectively. The spread of the A11
models is 34 K, whereas the difference between the C01 ðy ¼ 0:1Þ
and D92 ðy ¼ 0:2Þ models is 138 K and 145 K, respectively. So,
the results of these simulations depend strongly on both the devi-
ation from stoichiometry, x, and the Pu content, y.

For completeness, in Fig. 13 we show the results from our third
scenario simulations. In this scenario, the transient corresponds to
a time-dependent non-stoichiometry Dirichlet boundary condition
at the outer surface of the fuel pellet, xb. In these simulations, we
fix the temperature at the outer face of the cladding, Tb ¼ 750 K,
and the heat-generation rate has a constant value, Q ¼ 2� 108

W/m3. The non-stoichiometry at the outer face of the fuel pellet,
xb, changes according to Eq. (3.12) from an initial value
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xb;0 ¼ 0:01 to a final value xb;max ¼ 0:05 over the course of approx-
imately 10 min. This scenario corresponds to having the state of
the fuel element transition between the xb ¼ 0:01 and xb ¼ 0:05
profiles for Q ¼ 2� 108 W=m3, as shown in Fig. 8. Hence, for the
time-dependent heat-generation rate scenario, the initial condition
is set by solving the steady-state problem for fuel pellet with
xb ¼ 0:01 and the heat-generation rate, Q0 ¼ 2� 108 W=m3.

The time evolution of the total radial displacement due to thermal
expansion follows the time evolution of the temperature, and the
characteristic time scales of the heat transport and the oxygen
diffusion in ðU;PuÞO2�x are similar. Just like in the QðtÞ simulations
discussed above, the time evolution of the centerline temperature,
T0, the radial total displacement at the surface of the pellet, dðRfuelÞ,
and the centerline deviation from stoichiometry, x0, closely track
each other. The change in these observables follows closely the
change in the deviation from stoichiometry at the outer surface of
the fuel pellet, xb. The results are sensitive to the thermal conductiv-
ity model employed with the thermo-mechanical response being
greatly sensitive to both the Pu content, y, and the deviation from
stoichiometry, x. The temperature and deformation profiles predicted
by the A11 and Matpro (II) models are constant in time, because these
thermal conductivity models do not depend on the deviation from
stoichiometry and the oxygen diffusion does not impact their predic-
tions. The change in the thermo-mechanical response predicted by
the A11 model for the range of Pu compositions considered here is
three times smaller than the change in response predicted by the
C01 and P92 models for y ¼ 0:1 and y ¼ 0:2, respectively. Also, the
centerline temperatures predicted by the A11 model are consistently
smaller than those predicted by the C01 and P92 models, as the A11
thermal conductivity is smaller than C01 and P92 ones at low tem-
peratures. The A11 predictions for large Pu content are consistent
with the MATPRO (II) model predictions.
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5. Conclusions

Although urania and plutonia are characterized by the same fluo-
rite structure, plutonium oxides tend to be hypo-stoichiometric,
PuO2�x, whereas uranium oxides are most often hyper-stoichiome-
tric, UO2þx. For fuel-performance studies, it is important to under-
stand the differences between the behavior of nuclear fuel
materials such as UO2þx and ðU1�yPuyÞO2�x fuel elements as a func-
tion of the Pu content, y, and the deviation from stoichiometry, x.
Therefore, in this paper we studied the impact of different thermal
conductivity models on the thermal response and the radial fuel
deformation of a generic (U, Pu)O2 fuel element using multi-physics
simulations of coupled thermal transport, oxygen diffusion, and
thermal expansion. A series of steady-state and time-dependent fi-
nite-element simulations with a variety of initial-value conditions
show that including the Pu content, y, and deviation from stoichi-
ometry, x, in the thermal conductivity model, kðT; y; xÞ, results in sig-
nificant changes in the evaluation of the centerline temperature T0

and the extent of the radial deformation of the fuel pellet, compared
with simulations that do not account for the oxygen or Pu content.

Our steady-state simulation results indicate that the radial tem-
perature and deformation profiles are more sensitive to x for small
values of y. For larger values of y, the effects due to the deviation
from stoichiometry and the Pu content are equally important. In
turn, our time-dependent simulations highlight the fact that in
ðU1�yPuyÞO2�x the characteristic time scales of the heat transport
and oxygen diffusion are similar. Hence, the time evolution of
the centerline temperature, T0, the radial total displacement at
the surface of the pellet, dðRfuelÞ, and the centerline deviation from
stoichiometry, x0, closely track each other, in response to a change
in the heat-generation rate. This is in contrast with the case of
UO2þx fuels, where the equilibration of the centerline deviation
from stoichiometry, x0, lags behind the evolution of the centerline
temperature for kðT; xÞmodels as the characteristic time associated
with oxygen diffusion is much larger than the heat transport char-
acteristic time. In UO2þx this mechanism results in a second tran-
sient in the centerline temperature and the total displacement at
the outer edge of the fuel pellet that coincides with the centerline
non-stoichiometry value reaching its equilibrium value. The sec-
ond transient is not observed in our ðU1�yPuyÞO2�x fuel simulations.

We find that the centerline temperatures predicted by the A11
model are consistently smaller than those predicted by the C01
and P92 models, as the A11 thermal conductivity is smaller than
C01 and P92 ones at low temperatures. This is important because
the A11 model is the only thermal conductivity model available
at this time that has an explicit Pu content dependence, whereas
the C01 and P92 models are intended for low and large Pu content
in ðU;PuÞO2�x. The differences in the thermal conductivity models
may result in large differences in the predicted centerline temper-
ature value and total displacement at the outer edge of the fuel pel-
let. For example, the uncertainty in the thermo-mechanical
response due to the x- and y-dependence of the thermal conductiv-
ity models, results in differences of up to 236 K and 305 K in the
predicted values of the centerline temperatures in the initial
ðxb ¼ 0:01Þ and final ðxb ¼ 0:05Þ states, respectively, as seen in
Fig. 13. These differences increase with the heat-generation rate
and the non-stoichiometry boundary condition at the outer surface
of the pellet.
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